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We argue that the instability of Euclidean Einstein gravity is an indication that the vacuum is non
perturbative and contains a condensate of the metric tensor in a manner reminiscent of Yang-Mills
theories. As a simple step toward the characterization of such a vacuum the value of the one-loop
effective action is computed for Euclidean de Sitter spaces as a function of the curvature when the
unstable conformal modes are held fixed. Two phases are found, one where the curvature is large
and gravitons should be confined and another one which appears to be weakly coupled and tends
to be flat. The induced cosmological constant is positive or negative in the strongly or weakly
curved phase, respectively. The relevance of the Casimir effect in understanding the UV sensitivity
of gravity is pointed out.
I. INTRODUCTION
Quantum Gravity possesses a number of fundamental questions which are unsolved so far. Its apparent conflict
with Quantum Mechanics, namely canonical commutation relations imposed on equal time hypersurface require the
knowledge of the metric before the operator equations defining it is completed, questions the need of the quantum
treatment of gravitation altogether [1]. Let us assume that the metric corresponds either to an elementary or to a
composite field and the usual quantum field theoretical path integral quantization applies. The next problem arises
from the UV divergences. At this point one either seeks some superstring formalism which might be interpreted as a
physical regulator or relies on a formal regulator. We choose the latter being a simpler possibility and do not attempt
to remove the cutoff, i.e. we are not interested in the problem of physics at arbitrary high energies. Instead, our goal
in this work is to make a small step toward the understanding of the nature of the radiative corrections up to a high
but finite energy for a particular background geometry, those of the de Sitter space.
But there are still problems even after such a drastic reduction of the scope of the investigation. Regulators which
preserve the local symmetries of the theory and allows analytical computations are available for the Euclidean section
of the space-time only. When Euclidean Quantum Gravity is considered then some or all of the conformal modes
become unstable [2], rendering the perturbative or saddle point approximation problematical. The usual approach to
this complication is to stabilize Euclidean Quantum Gravity on the tree level by an appropriate modification of the
Wick rotation [3] or on the quantum level by altering the rules of quantization [4] or the functional measure for the
path integral [5].
Similar instability is well known in Yang-Mills models. In fact, Euclidean Yang-Mills theory considered in the
presence of a homogeneous magnetic field has unstable modes [6]. Since the Euclidean Yang-Mills action is bounded
from below the Euclidean vacuum is stable though the detailed mechanism of this stabilization is still unknown. When
the time extent of the Euclidean space can be sufficiently large then the large amplitude modes resulting from the
instability can be regarded as an indication of a condensate of the true, physical vacuum of the theory with real time.
Can this lesson be relevant for Quantum Gravity and pointing toward the non triviality of its vacuum?
One can imagine three dynamical, consistent stabilization mechanisms for Euclidean Quantum Gravity. (i) It
might happen that the true gravitational action contain higher order derivative terms which renders the classical
action bounded from below. If these new terms do not involve new dimensional coupling constant then the stable
vacuum will be dominated by fluctuations with scale close to the cutoff because the instability of the Euclidean
Einstein action is in the UV regime. (ii) Another possibility is that the classical action is unbounded but the theory
is stabilized by quantum fluctuations. This happens if the classical instability tries to squeeze the system into a
small region of the configuration space and the kinetic energy generated by the uncertainty principle becomes strong.
Certain numerical simulations seem to support this scenario for quantum gravity regularized by the Regge-calculus
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2[7]. (iii) Yet another possibility is that pure gravity is indeed unstable but the stabilization is achieved by the coupling
of gravity to matter [8, 9].
But one should bear in mind that either possibility is realized the vacuum is non perturbative and contain a
condensate. If the vacuum is stabilized on the n-th order of the loop expansion then it corresponds to the minimum
of the effective action computed up to O (GnB). Here GB denotes the bare Newton constant which plays the role of
~ in the absence of matter and counts the order of the loop expansion. The determination of the minimum of this
effective action requires the knowledge of all 1PI vertex functions in the given order of the loop expansion. In the
case of n = 0, c.f. case (i), the solution of the classical equation of motion can be regarded as given by summing over
infinitely many tree graphs. When n > 0, c.f. cases (ii) and (iii), then an infinite sum of graphs up to n-loops gives
the vacuum configuration.
We do not attempt to identify the true stabilization mechanism in this paper. Instead, we shall be contended
with a small step along the line of reasoning outlined above and present a study of the dynamical environment in
which the stabilization takes place by computing the effective potential for a homogeneous space-time curvature with
vanishing unstable modes and by reading off from it the running of the Newton constant with the length scale of such
a background geometry.
Before we continue the discussion of the computation of the effective potential let us bring another pertinent element,
the Casimir effect, into the discussion. The vacuum energy of quantum field theories in flat space-time depends on
a rather complicated manner on the choice of the space-time region R populated by quantum fields [18]. It is well
known that the metric tensor controls all aspects of the geometry, among them the spatial extent of the system. In a
space-time of homogeneous, positive curvature the free geodesics are deflected in such a manner that they stay in a
region with linear size in the order of
L ≈ 1√
R
. (1)
Such double role of the curvature, being an external field and an IR cutoff in the same time, provides a new, physical
insight into the inherent sensitivity of quantum gravity on the UV sector. The argument is the following. The
partition function computed on a homogeneous or at least slowly varying background field in a fixed space-time
region R develops UV finite dependence on the background field after having introduced the usual background field
independent counterterms. One would expect the same conclusion when the partition function is considered on a
background curvature. But this is not what happens because of the Casimir effect. The reason is that the Casimir
effect is always UV divergent. To understand this property let us consider first the number of modes
N ≈ (ΛL)d (2)
in dimension d where Λ denotes the UV cutoff of dimension energy and L stands for the linear size of the system. The
expression (2) diverges when the UV and IR cutoffs are removed because the length scale of a mode can be infinitely
large or infinitely small. The result is that the UV and the IR dependences are mixed in N . In a similar manner
the Casimir effect mixes the UV and the IR sectors, too. Therefore the dependence of the partition function on the
curvature is always UV divergent. It is worthwhile noting that this point is nothing but the throughly studied issue
of the coupling of the zero point fluctuations of the vacuum to the gravitation.
Our main goal in this work is to determine the renormalization of the effective potential for the curvature and some
effective coupling constants in one-loop order. The effective potential, γ(R), is defined by the value of the effective
action for homogeneous de Sitter spaces of curvature R > 0 and will be computed in O (GB) by restricting the unstable
modes to zero, except the homogeneous conformal mode which is kept constant. We do not attempt to remove the
UV cutoff and confine our investigation on the finite energy dynamics by keeping Λ fixed and ignoring the formal issue
of renormalizability. We find a phase transition when the ’best’ de Sitter space is selected by minimizing γ(R). For
low enough value of the cutoff, Λ << Λcr the energetically preferred value of the curvature is O
(
Λ4G
)
. The theory
is weakly coupled at such or larger values of the curvature but the modes with length scale ℓ > 2/Λ2
√
G are non
perturbative. The other phase, realized by large cutoff Λ >> Λcr, prefers small curvature and is perturbative. This
phase structure agrees qualitatively with the one found in lattice simulations [7] where a flat and a strongly curved
phase were found for large or small values of the bare Newton constant, respectively. One should note in this respect
that although the UV cutoff represents an upper limit for the curvature its relation to the Newton constant can be
arbitrary, i.e. quantum gravity is a well defined and physically nontrivial theory for either GΛ2 < 1 or GΛ2 > 1.
The Casimir contribution to the effective action is proportional to the space-time volume which raises the possibility
of generating a cosmological constant even in the absence of matter. In fact, an induced cosmological constant is
found whose sign distinguishes the two phases mentioned above.
The UV cutoff, Λ, appears as an unavoidable parameter in the main results of this paper, in the renormalization of
the effective action and the phase structure. Such a state of affairs is certainly erroneous in the case of a renormalizable
3theory. But one should remember that whatever is the ultimate theory of quantum gravity the quantum effects are
supposed be governed by the Einstein-Hilbert action within the energy and distance range explored up to today. The
predictions of this theory, being nonrenormalizable, naturally do depend in an essential manner on the choice of the
UV cutoff. But this dependence is restricted to scales comparable to the cutoff. At energy scales far below the cutoff
quantum gravity is a useful effective theory because the nonrenormalizable, UV irrelevant terms of the action play no
role here [10]. It is worthwhile noting that this energy regime is determined by the cutoff only, the other dimensional
parameter of the theory discussed in this work, the Newton constant, may take arbitrary values with respect to the
UV cutoff in this effective gravity.
There have already been investigation of effective coupling constants carried out before. The one-loop correction
to the Newtonian gravitational potential on flat space-time has been computed in the IR domain in Refs. [11]
and a weak, O (R−2), UV finite effect was found. The result is expected to be rather different when higher loop
contributions are retained because those graphs contain UV divergences. The self interaction of gravitons, considered
in our computation, is UV divergent already at the one-loop level and the comparison of the running Newton constant
presented in these works with those arising from the computation of the gravitational forces between matter particles
is not obvious. In fact, the difference of the dependence on the scale of a space-time variable or of a field amplitude
is usually a manifestation of a nontrivial wave function renormalization constant [13]. The non triviality of the wave
function renormalization constant can be expected on the simple dimensional ground that the metric tensor is a
dimensionless field as opposed to the usual one. The conventional renormalization group has already been applied
to determine the running of the coupling constants of Grand Unified Theories on curved geometry and a number
of scaling laws were identified [12]. But one should bear in mind that the multiplicative renormalization which
serves as the basis for the conventional renormalization group equation is valid for renormalizable models only. The
renormalization group flow was computed for the Newton and the cosmological constants in Ref. [14] for de Sitter
spaces. Two kinds of fixed points were found, a Gaussian and gauge-dependent non-Gaussian. The flow was extended
to arbitrary dimension and value of the gauge fixing parameter in Ref. [15]. But it is difficult to compare thess
result with ours, partly because this computation involves a formal one-loop integral over the unstable modes, partly
because of the presence of the cosmological constant. The gauge dependence of the renormalization group flow was
investigated in Ref. [16]. Though our motivation is different, our work is closest in technics to Ref. [17] where the
dynamical suppression of the cosmological constant was studied in de Sitter spaces.
The organization of the paper is the following. The effective potential and the technical details such as the
regularization, gauge fixing and the eigenfunctions of the Laplace operator in de Sitter spaces are introduced in
Section II. The results of the numerical computation are presented in Section III. The problem of the stability of
the conformal modes is discussed in Section IV. Finally, Section V is for the summary and conclusions. A very brief
summary of the simplest appearance of the Casimir effect is presented in the Appendix.
II. EFFECTIVE POTENTIAL FOR THE CURVATURE
The computation of the value of the one-loop effective potential for de Sitter spaces is presented in this section.
A. Formal expressions
The generator functional for connected Green functions in the Euclidean section is defined as
eW [j] =
∫
D[g]e−S[g]+
∫
dxjµνgµν , (3)
where the Einstein-Hilbert action is given in terms of the metric tensor g,
S[g] = −κ2B
∫
dx
√
g(R− 2λB), (4)
the multiplicative constant in front of the action is κ2B = 1/16πGB and λB denotes the cosmological constant which
will be left vanishing on the tree-level for simplicity. We shall use units c = ~ = 1. The effective potential for the
metric, the Legendre transform of W [j],
Γ[g] = −W [j] +
∫
dxjµνgµν (5)
4is introduced by the definition
g =
δW [j]
δj
. (6)
Finally, an effective potential for the homogeneous curvature will be identified as the value of the effective action at
a homogeneous curvature,
γ(R) = Γ[g(R)] (7)
where g(R) denotes the metric tensor of the de Sitter space of curvature R. Notice that γ(R) is not the conventional
effective potential corresponding to the composite operator R, their difference arises from the fluctuations of the
metric when the curvature is held fixed. We shall use the simpler construction, γ(R), because our goal is the find the
geometry which minimizes the effective action under the assumption of the homogeneity of the space-time.
The conformal modes are instable in the Euclidean theory [2]. In fact, the transformations
gµν → Ω2gµν , R→ R
Ω2
− 6Ω
Ω3
, (8)
induce the change
S[g]→ S[g] = −κ2
∫
dx
√
g
(
6DµΩDνΩg
µν +Ω2R− 2λBΩ4
)
(9)
showing that the action is unbounded from below for inhomogeneous Ω. In order to isolate the instability the
generating functional will be computed in two consecutive steps, first we integrate over the stable modes and the
conformal modes will be dealt with in the second step.
The one-loop approximation yields
W [j] = −S[g¯] +
∫
dx
√
gjµν g¯µν +
1
2
Tr ln
δ2S[g¯]
δgδg
(10)
where g¯ is the saddle point satisfying the classical equation of motion
δS[g¯]
δg
= j (11)
and g = g¯ + h with h = O (κ−2B ). As a result we find
Γ[g] = S[g] +
1
2
Tr ln
δ2S[g]
δgδg
, (12)
in particular for g¯ = g(R),
γ(R) = S[g(R)] +
1
2
Tr ln
δ2S[g(R)]
δgδg
, (13)
up to terms O (κ−2B ).
One has to settle two problems in order the manipulation outlined above be well defined. One needs gauge invariant
UV regulator and the unstable modes must be kept under control in the functional integration.
B. Gauge fixing and regularization
In order to saturate W [j] by a Gaussian integral one has to fix the gauge. We shall use harmonic gauge by adding
Sgf [g
(R), h] =
1
2
∫
dx
√
g(R)g(R)µνfµ[g
(R), h]fν [g
(R), h] (14)
to the action where
fµ[g
(R), h] =
√
2κBf
νρ
µ [g
(R)]hνρ,
fαβµ [g
(R)] =
1
2
δαµg
(R)βγDγ +
1
2
δβµg
(R)αγDγ − 1
2
g(R)αβDµ, (15)
5and D stands for the covariant derivative of the metric g(R). The standard Fadeev-Popov quantization rules lead to
the generator functional
eW [j] =
∫
D[h]D[c]D[c¯]e−S[g
(R)+h]−Sgf [g(R),h]+Sgh[g(R),h,c,c¯]+
∫
dx
√
gjµν (g(R)µν +hµν) (16)
where c and c¯ denote the anticommuting ghost fields and
Sgh[g
(R), h, c, c¯] = −
√
2
∫
dx
√
g(R)c¯µMµν [g(R), h]cν (17)
with
Mαβ =
√
2κBf
µν
α [g
(R)]
(
∂gµν
∂xβ
− ∂gβν
∂xµ
− ∂gµβ
∂xν
)
. (18)
Notice that Sgh is independent of the gauge invariant cosmological constant because it is determined by the properties
of the gauge orbits in the configuration space. In the same time the dynamics of the metric tensor naturally contains
λB . This is reminiscent of the mass generation by spontaneous symmetry breaking where the mass term for the gauge
field is gauge invariant, too.
The UV regulator will be constructed by a gauge invariant generalization of the momentum cutoff. Since the
eigenvalues of the covariant derivative are gauge invariant the theory can be regulated in a non perturbative manner
by using the bare action
SB[g] = S[g] +
∫
dx
√
ggµνfΛ(−D2)gµν , (19)
where fΛ(z) ≈ 0 and ∞ for z < Λ2 and z > Λ2, respectively. Smooth cutoff is realized by either the proper time
method [19] or by other, simpler continuous function fΛ. The simplest possibility, followed in this work is the sharp
cutoff,
fΛ(z) =
{
0 z < Λ2,
∞ z > Λ2. (20)
The expression for the regulated one-loop effective potential for the curvature [14] can be obtained by following the
steps leading from Eq. (3) to Eq. (13) with the regulated and gauge fixed path integral,
γ(R) = SB[g
(R)] + γ(1)(R),
γ(1)(R) =
κ2B
2
Tr lnK − Tr lnM, (21)
with
K(µν),(ρσ) = κ2B
√
g(R)
(−Z(µν),(ρσ)D2 + U(µν),(ρσ)) ,
Mµν = −
√
2κ2B
√
g(R)
(
g(R)µν D
2 +Rµν
)
, (22)
where
Z(µν),(ρσ) =
1
4
(
g(R)µρ g
(R)
νσ + g
(R)
µσ g
(R)
νρ − g(R)µν g(R)ρσ
)
,
U(µν),(ρσ) = Z(µν),(ρσ)(R− 2λB) + 1
2
(
g(R)µν Rσρ +Rµνg
(R)
σρ
)
− 1
4
(
g(R)µρ Rνσ + g
(R)
µσ Rνρ +Rµρg
(R)
νσ +Rµσg
(R)
νρ
)
−1
2
(RµρRνσ +RµσRνρ) , (23)
and Rµν is the Ricci tensor of the de Sitter space.
The evaluation of the functional traces on the right hand side will be carried out in the two steps. First we project
the fields into subspaces with well defined spin in order to simplify the computation of the spectrum of K andM. In
the second step we construct the spherical harmonics for each spin sector and obtain the functional traces as regulated,
finite sums.
6C. Spin projection
The computation of the eigenvalues of the quadratic forms of Eq. (22) is facilitated by separating the different spin
components of the fields hµν , cµ and c¯µ. In the case of the metric the reduction produces traceless transverse (TT )
and longitudinal (LT ), (LL) fields and the trace (Tr) [20], 10 = 2× 1(LL+ Tr) + 3(LT ) + 5(TT ), in particular
hµν = h
TT
µν + h
LT
µν + h
LL
µν + h
Tr
µν (24)
with hTrµν = g
(R)
µν φ where φ = g
(R)
µν hµν together with hLTµν = Dµξ
′
ν + Dνξ
′
µ and h
LL
µν = DµDνσ
′ − 14g(R)µν D2σ′. These
fields satisfy the auxiliary conditions Dµξ
µ = 0, g(R)µνhTTµν = 0 and D
µhTTµν = 0 and are orthogonal with respect to
the scalar product [5, 20]
〈h1|h2〉 =
∫
dx
√
gh1;µνh
′µν
2
=
∫
dx
√
g
[
hTT1;µνh
TT ′µν
2 − 2ξ′1;µ(g(R)µνD2 + R¯µν)ξ′2;ν − 2ξ′1;µR¯µνDνσ′2 − 2ξ′1;µR¯µνDνσ′2
+σ′1
(
3
4
(D2)2 +DµR¯
µνDν
)
σ′2 +
1
4
φ1φ2
]
(25)
where g(R)µρg(R)νσhρσ = h
µν . In order remove a trivial divergent factor from the path integral the zero modes
Dµξν +Dνξµ = 0 and DµDνσ− 14D2σ = 0 should be removed from the domain of integration in (3). The comparison
of the rescaling (8) and the decomposition (24) reveals
Ω2 = 1 + φ. (26)
For maximally symmetric spaces R¯µν = Cg(R)µν and the ξ − σ mixing is absent in the scalar product,
〈h1|h2〉 =
∫
dx
√
g
[
hTT1;µνh
TT ′µν
2 − 2ξ′µ1 (D2 + C)ξ′2;µ + σ′1D2
(
3
4
D2 + C
)
σ′2 +
1
4
φ1φ2
]
(27)
A further linear transformation [14],
ξ˜ =
√
−D2 − Cξ˜′, σ˜ =
√
(D2)2 +
4
3
CD2σ˜′ (28)
simplifies the scalar product to
〈h1|h2〉 =
∫
dx
√
g
[
hTT1;µνh
TT ′µν
2 + 2ξ
µ
1 ξ2;µ +
3
4
σ1σ2 +
1
4
φ1φ2
]
. (29)
Similar reduction of the ghost fields gives 4 = 1 + 3, cµ = c
T
µ +Dµ(−D2)−
1
2 ρ and c¯µ = c¯
T
µ + Dµ(−D2)−
1
2 ρ¯, where
Dµc
Tµ = 0.
The comparison of the first equation in (25) and (29) reveals that the Jacobians corresponding to the change of
integration variables h → Φ, where Φ ∈ {hTT , ξ, σ, φ, cT , c¯T , ρ, ρ¯} is field and curvature independent. The quadratic
part of the actions, given by Eq. (22) reads as
S(2)[g(R) + h] + Sgf [g
(R) + h] = κ2B
∫
dx
√
g¯
[
1
2
hTTµν
(
−D2 + 2R
3
− 2λB
)
hTTµν
+ξµ
(
−D2 + R
4
− 2λB
)
ξµ +
3
8
σ(−D2 − 2λB)σ − 1
6
φ(−D2 − 2λB)φ
]
(30)
and
Sgh[g
(R), h = 0, cT , c¯T , ρ, ρ¯] = −
√
2κ2B
∫
dx
√
g
[
c¯Tµ
(
D2 +
R
4
)
cTµ + ρ¯
(
D2 +
R
4
)
ρ
]
(31)
in terms of the new variables. Notice that all φ modes are unstable when λB = 0 and will be dealt with later.
7D. Spherical harmonics
The last ingredient needed for the one-loop result is the spectrum of the Laplace operator D2, the solution of the
eigenvalue condition
D2t
(s)
ℓm = −Rλ(s)ℓ t(s)ℓm, (32)
for spherical functions of spin s where ℓ = s, s + 1, s + 2, · · · and the quantum number m = 1, · · · , D(s)ℓ labels the
degenerate eigenvectors. The spherical functions can be constructed either from homogeneous polynomials [21] or in
terms of associated Legendre polynomials [22] with the spectrum
λ
(s)
ℓ =
ℓ(ℓ+ 3)− s
12
,
D
(s)
ℓ =


(2ℓ+3)(ℓ+1)(ℓ+2)
6 s = 0(LL, T r),
(2ℓ+3)ℓ(ℓ+3)
2 s = 1(LT ),
5(ℓ+4)(ℓ−1)(2ℓ+3)
6 s = 2(TT ).
(33)
The fields are expressed by means of the spherical harmonics as
Φ =
ℓΦmax∑
ℓ=ℓΦmin
DΦℓ∑
m=1
cΦℓmt
Φ
ℓm. (34)
The spherical harmonics tΦℓm are normalized by the scalar product
〈t1|t2〉 =
∫
dx
√
gt∗1t2, (35)
the lower limit for the summation over ℓ is ℓΦmin = 2 except for Φ = φ when ℓ
φ
min = 0. The upper limit is determined
by the sharp cutoff, Eq. (20), therefore the integral measure for cn is finally defined as
D[Φ] ≡ D[cΦ] =
ℓΦmax∏
ℓ=ℓΦmin
DΦℓ∏
m=1
Λ2dc˜Φℓm. (36)
The final expression for the effective potential (21) is
γ(1)(R) =
1
2
∞∑
ℓ=2
D
(2)
ℓ ln
[
κ2BR
Λ4
(
λ
(2)
ℓ +
2
3
− 2λB
R
)]
+
1
2
∞∑
ℓ=2
D
(1)
ℓ ln
[
κ2BR
Λ4
(
2λ
(1)
ℓ +
1
2
− 4λB
R
)]
(37)
+
1
2
∞∑
ℓ=2
D
(0)
ℓ ln
[
3κ2BR
4Λ4
(
λ
(0)
ℓ −
2λB
R
)]
−
∞∑
ℓ=1
D
(1)
ℓ ln
[
κ2BR
Λ4
(
λ
(1)
ℓ +
1
4
)]
−
∞∑
ℓ=0
D
(0)
ℓ ln
[
κ2BR
Λ4
(
λ
(0)
ℓ +
1
2
)]
.
These sums are formal because they are divergent. The regularization (19) consists of including finite number of terms
only, for which the arguments of the logarithm functions are less then 1.
III. NUMERICAL RESULTS
The main result of the computation above, the effective potential (37), will now be used first to find out the value
of the curvature or the homogeneous conformal factor preferred energetically in the vacuum in the absence of bare
cosmological constant, λB = 0, and next to obtain the induced, effective Newton and cosmological constants in de
Sitter spaces.
One usually introduces first counterterms which render the effective potential UV finite. Instead, we shall use
the effective potential (37) without counterterms because our goal is first to find the true vacuum at which the
renormalization program, the R-dependent counterterm set in particular, is supposed to be introduced after. Our
procedure corresponds to the minimization of the total action, the sum of the finite pieces and the contributions of the
counterterms. We use the bare action in finding the saddle point of the path integral which is always given in terms
8of the bare, cutoff theory. Once the saddle point is found, then the divergences should be removed in the standard
fashion, by splitting the bare action into the sum of renormalized and counterterm parts. The minimization of the
effective action will be considered in this paper only. The renormalized coupling constant and the counterterms will
not be introduced, instead the value of the curvature and the one-loop improved effective coupling constants will be
read of at the saddle point.
A. Effective potential
It is easy to read off a wrong result from Eq. (37). When a gauge non-invariant cutoff is employed by cutting off
the summation over the spherical harmonics at a given in the angular momentum value ℓmax then on finds
γ(1)ninv(R) = C′ ln
κ2BR
Λ4
, (38)
with C′ > 0. But one should use gauge invariant regularization which requires in our case the definition of the cutoff
in terms of the eigenvalues of the Laplace operator. The difference between sharp cutoff (20) and the previous, non
invariant regulator is that as the curvature is increased the number of modes contributing to the regulated path
integral is decreased or remains constant, respectively. This makes the effective potential changing faster with the
curvature when the gauge invariant regulator is used.
A qualitative estimate of the effective potential can be obtained by exploiting the analogy with the Casimir effect
for flat space, summarized from the point of view of our problem in Appendix A. The curvature directly controls the
volume of the de Sitter space and indirectly, via the uncertainty principle, the level spacing of the free particle energy
spectrum. The former leads to the Casimir effect when sharp cutoff is used and the latter generates the same result
for smooth cutoff. The estimate of the one-loop effective potential is based on the equipartition theorem which states
that γ(R) ≈ N f¯ where f¯ is the typical contribution of a mode. The factor N is finite and well defined only if both
IR and UV sharp cutoffs are imposed and can easiest be obtained when the dimensions are removed by the UV cutoff
as in solid state physics or lattice field theory. In our case N ≈ Λ4/R2. In order to estimate f¯ let us recall that the
logarithm of the Gaussian integral is the logarithm of the typical, average value of the integral variable, apart of an
uninteresting ln 2π term. Since the variables of the path integral are identified by removing every dimension by the
UV cutoff the contribution of a mode is lnκB/Λ which gives γ(R) ≈ cΛ4/R2 lnκ2B/Λ2. Naturally this naive estimate,
based on the typical contribution, is reliable for N >> 1 only.
The numerical evaluation of the the effective potential obtained by means of the sharp cutoff is depicted in Fig. 1.
The highest value of ℓ contributing to the effective potential (37) is approximately 4 · 104 (small curvature) and 10
(high curvature) along the curves of this Figure. The flat space Casimir effect for a dimensionless scalar field suggests
the form
γ(1)(R) =
{
M4(Λ)
(
1
R2
− 1
R2(Λ)
)
R ≤ R(Λ)
0 R > R(Λ)
(39)
with
M4(Λ) = c1Λ
4 ln
c2κ
2
B
Λ2
, (40)
and R(Λ) = c3Λ
2. The second term in the parentheses on the right hand side of Eq. (39) is to cancel the effective
potential for high enough curvatures when no eigenvalues are left in the sum by the sharp cutoff. The effective
potential is naturally not a smooth function for R ≈ R(Λ) anymore and one should not consider the theory in this
regime where few modes are left only. The fit of the numerical results yields c1 ≈ 7.201, c2 ≈ 2.989 and c3 ≈ 0.665,
c.f. Fig. 2.
Let us now consider the complete effective potential
γ(R) = −vκ
2
B
R
+ c1Λ
4
(
1
R2
− 1
R2(Λ)
)
ln
c2κ
2
B
Λ2
, (41)
where
V =
∫
dx
√
g =
v
R2
(42)
9is the four volume of the de Sitter space with v = 3200π2/3. One finds a quantum phase transition at κ2B = κ
2
cr = Λ
2/c2
when Rmin, the curvature where γ(R) reaches its minimum changes in a discontinuous manner. Deeply inside of the
small cutoff phase, κ2cr << κ
2
B, the energetically favored curvature is
Rmin =
2c1Λ
4
vκ2B
ln
c2κ
2
B
Λ2
(43)
For large cutoff, κ2B < κ
2
cr, the minimum of the effective potential is reached at Rmin = 0.
It is easy to reconstruct the effective potential for the homogeneous conformal mode, φ(x) = Φ, too. In fact, all
needed according to Eq. (26) is the replacement R → R/(1 + Φ) in the effective potential. Therefore the small or
the large cutoff phase prefers Φ = R/Rmin − 1 or Φ = ∞, respectively. But on should keep in mind that we can
not settle the problem of the instability by studying the dynamics of the homogeneous conformal mode only. In fact,
the instability of the inhomogeneous and the homogeneous conformal modes comes from the kinetic energy (first) or
the potential energy (second) term on the right hand side of Eq. (9). All one can say is that as long as the theory
is IR finite the homogeneous mode has a useful diagnostic role, the long wavelength inhomogeneous modes follow a
dynamics which is similar to those of the homogeneous mode.
B. Induced cosmological constant
The effective potential (41) suggests the effective action
Γ[g] = −κ2eff
∫
dx
√
g(x)F (R(x)), (44)
where F (R) is a polynomial of the curvature. In order to define a unique coupling constant κ2eff we impose the
condition
dF (R)
dR |R=0
= 1 (45)
on F (R). The inspection of Eq. (41) yields F (R) = R− 2λ− gR2 with κ2eff = κ2B,
λ =
c1Λ
4
2vκ2B
ln
c2κ
2
B
Λ2
(46)
and
g = − c1Λ
2
2c3vκ2B
ln
c2κ
2
B
Λ2
(47)
for R << Λ2. Notice that the fourth power of the cutoff in Eq. (46) leads to a constant counterterm by dimensional
reason. It indicates that the vacuum fluctuations contribute to the action in a homogeneous manner in space-time
which is a manifestation of the Casimir effect, known from the normal ordering prescription in Quantum Field Theory.
The one-loop quantum fluctuations leave the Newton constant unchanged but generate a cosmological term and a
higher derivative piece.
We see that the difference between the small and large cutoff phase is that the induced cosmological constant is
positive and negative, respectively. Furthermore there is a higher order derivative term generated with coupling of
the opposite sign as the cosmological constant. The expressions (30) and (37) indicate that the de Sitter background
is unstable in the one-loop effective theory for λ > cR where
c = min
(
λ
(2)
ℓ
2
+
1
3
,
λ
(1)
ℓ
2
+
1
8
,
λ
(0)
ℓ
2
)
=
1
2
. (48)
The low cutoff phase is therefore unstable for R < Rmin/2 and the entire large cutoff phase is stable as expected.
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C. Running Newton constant
In order to shed more light onto the nature of the two phases we introduce the effective strength of interaction by
using the ansatz
Γ[g] = −
∫
dxκ2(R(x))
√
g(x)R(x), (49)
where the space-time dependence is explicitly shown. The effective Newton constant, found by comparing Eqs. (41)
and (49),
G(R) =
1
16πκ2(R)
=
1
16πκ2B
1
1− c1Λ4
vκ2
B
(
1
R
− R
R2(Λ)
)
ln
c2κ
2
B
Λ2
(50)
is a measure of the strength of interactions. In fact, κ2(R)/κ2B measures the suppression of small fluctuations of the
metric tensor, ∆g, compared to the classical Einstein theory with vanishing cosmological constant. The fluctuations
of the one-loop effective theory are suppressed at length scales ℓ >>
√
G where
√
G ”seems small”. In fact, simple
order of magnitude estimate gives ∆g ≈ ℓPl/ℓ for the typical fluctuations of the metric tensor of length ℓ where
ℓPl =
√
G denotes the renormalised Planck length. The running Newton constant has a central importance in the
phenomenology of quantum effects in gravity. A distance dependent Newton constant may provide a solution to the
astrophysical missing mass problem [23, 24].
The tree level theory is weakly coupled when the cutoff is increased as long as we stay in the small cutoff phase.
Only the modes beyond the Planck energy which appear in the large cutoff phase are strongly coupled. This feature
is changed drastically by the leading order loop corrections because the one-loop theory on the de Sitter space of
curvature R is perturbative for length scales
ℓ2 > ℓ2Pl(R) =
ℓ2B
1 + 16πc1
v
Λ4ℓ2B
(
1
R
− R
R2(Λ)
)
ln
16πℓ2
B
Λ2
c2
, (51)
where ℓ2B = 1/16πκ
2
B and the whole theory is perturbative if ℓPlΛ < 1,
Λ2ℓ2B < 1 +
16πc1
v
Λ4ℓ2B
(
1
R
− R
R2(Λ)
)
ln
16πℓ2BΛ
2
c2
. (52)
In order to simplify the discussion we shall restrict ourselves into regions far away form the transition region, deeply
in the small and large cutoff phases, for Λ2 << ℓ−2B and ℓ
−2
B << Λ
2, respectively. There is an IR Landau pole in the
small cutoff phase at RL = Rmin/2 and G(R) is decreasing from infinity to G as R is increased from RL to R(Λ). At
the energetically preferred curvature we find G(Rmin) = 2G and ℓ
2
Pl(Rmin) = 2ℓ
2
B. All modes are non perturbative
and the theory strongly coupled unless R > RL. The modes become perturbative rapidly as R is increased beyond
the Landau pole and the entire theory is perturbative for Rmin ≤ R. The running Newton constant is an increasing
function of the curvature in the large cutoff phase and one finds
G(R) ≈ Rv
16πc1Λ4 ln
16πℓ2BΛ
2
c2
(53)
for R < R(Λ) and G(R(Λ)) = GB. In a similar manner ℓPl(R) increases with R, ℓ
2
Pl(R) ≈ R/Λ4 as long as R < R(Λ)
and ℓ2Pl(R(Λ)) = ℓ
2
B. All modes appear perturbative in the effective theory for R << Λ
2.
The peculiar sensitivity of quantum gravity on the UV sector is reflected in the expression (50), too. When the
running coupling constant is computed in flat space-time in the presence of a background field, such as in Yang-Mills
theories [6], the cutoff appears in the argument of the logarithmic function only. As mentioned in connection of Eq.
(46), that the factor Λ4 in front of the logarithimc function implies a constant, field independent counterterm, the
hallmark of the Casimir effect.
IV. DYNAMICS OF THE CONFORMAL MODES
The unstable conformal modes have been kept frozen at Ω = 1 in the one-loop computation. The complete functional
integral can be obtained by factorizing the integral measure for gµν = g
(R)
µν (1 + φ) + h′µν , where h
′ is obtained by
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retaining the first three contributions only in the right hand side of Eq. (24), as D[g] = D[φ]D[h′]. The regulator is
defined as before by means of the eigenvalues of the  operator. The integration over h′ in Eq. (3) yields
eW [φ,j] =
∫
D[h′]e−S[g]+
∫
dxjµνgµν . (54)
The Legendre transformation for a given φ configuration is defined by
Γ[φ, g] = −W [φ, j] +
∫
dxjµνgµν (55)
with
gµν = g
(R)
µν (1 + φ) + h
′
µν =
δW [φ, j]
δjµν
, (56)
cf. Eqs. (5) and (6).
Notice that the dependence on φ enters explicitly and through g in the Legendre transform (55). The effective
actions appearing in Eqs. (44) or (49) are actually Γ[φ, g], computed at φ = 0. The essence of the anstaz is the
upgrading of a simple one-loop result obtained on a fixed de Sitter geometry to a gauge (diffeomorphism) invariant
functional. We extend this procedure by requiring the usual transformation rules under conformal transformations,
too. This assumtion suppresses the explicit dependence on φ and gives rise to
eW [j] =
∫
D[φ]e−Sc[φ]+
∫
dxjµνgµν (57)
with Sc[φ] = Γ[0, g] for the complete generating functional.
The effective action Sc[φ] is simpler in terms of Ω
2 = 1 + φ and the functional, taken from Eq. (44), leads to
Sc[φ] = κ
2
∫
dx
√
g
[
6(1− 2gRΩ−2)ΩΩ + 36gΩ−2(Ω)2 + V (Ω)] (58)
according to Eq. (8), where
V (Ω) = −RΩ2 + 2λΩ4 + gR2. (59)
The ansatz (44) and the assumption about the proper conformal properties amount to a partial resummation of the
loop-expansion for the stable modes and the dependence of the effective action on the conformal factor Ω is supposed
to become more reliable.
It is easy to identify the stabilization mechanism (ii) mentioned in the Introduction in the low cutoff phase where
the potential V (Ω) is bounded from below (λ > 0). We write Ω = Ω¯+ω, where the potential fixes Ω¯2 = Rmin/4λ = 1.
The instability of the inhomogeneous modes is still visible because both the O () and the O (2) terms are negative
definite because g < 0. But the increase of the wave number is not a real instability in theories with finite cutoff.
In fact, models with unstable dispersion relation are stabilised by the UV regulator and give rise stable, modulated
vacuum [25] whose characteristic scale is of the cutoff. The dispersion relations for the excitations above such a vacuum
have several branches as in solids. The heavy modes, optical phonons, decouple from the low energy dynamics which
is dominated by the light branches, acoustic phonons, and the inhomogeneity of the vacuum is not resolved by
measurements with finite resolution for sufficient large values of the cutoff.
But the fate of the high cutoff phase remains unclear. The potential V (Ω) in unbounded from below and the
increase of the amplitude of Ω, the decrease of the curvature and the increase of the volume, remains as instability of
the one-loop dynamics. The complication here is that the prefered vacuum of the one-loop dynamics, R = 0, can not
be reached in the scheme presented here which is valid for R > 0. Furthermore, fluctuations around R = 0 explore
the negative curvature geometries, as well, where the dynamics is not given by the analytical continuation of our
formulae.
V. SUMMARY AND CONCLUSION
We argue in this paper that the instability of Euclidean Einstein gravity is an indication of a non trivial vacuum
structure whose description requires non perturbative methods. As a simple step in this direction the one-loop
renormalization was considered on an Euclidean de Sitter background geometry by suppressing the unstable modes.
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The similarity of this problem with the Casimir effect was emphasized together with the role of the curvature as an IR
cutoff which makes quantum gravity specially sensitive to the UV regime. The effective action was minimized within
the family of homogeneous spaces in order to identify the vacuum.
Two phases were found and the effective strength of interaction behaves in a manner which is contrary to what
the tree-level dynamics would suggest. In the small cutoff phase, Λ << 1/
√
ℓB, the conformal modes are stabilised
by the one-loop effective action for the other tree-level stable modes and we find a close analogy with the Savvidy
vacuum of Yang-Mills theories. The system prefers a non vanishing curvature, Rmin ≈ Λ4ℓ2B and ℓPl =
√
2ℓB. The
tree-level theory is weakly coupled for arbitrary curvature but the fluctuations acquire large amplitude at length
scales ℓ > 1/
√
Rmin and the theory is weakly coupled for Rmin ≤ R only when these modes are excluded due to
the smallness of the space-time volume. Deeply in the large cutoff phase when the cutoff is increased far beyond the
transition point then the minimum of the effective action is reached at Rmin ≈ 0, the fluctuations are suppressed.
But the stability of the conformal modes remain an open question.
We proposed two parametrizations for the effective action. The running Newton constant can be defined in the
effective theory without cosmological term which amounts to assuming formally massless quantum fluctuations. This
coupling constant determines the length scale below which the quantum fluctuations are strong. Another possibility
is to allow a radiative correction induced cosmological term explicitly in the effective action. This choice is motivated
by the proportionality of the Casimir effect with the space-time volume and is more physical because it produces
slower dependence on R in the effective parameters than the previous case. Furthermore, a higher order derivative
term is recovered by means of this parametrization. The effective Newton constant agrees with the bare one in this
scheme and the two phases are distinguished by the sign of the induced cosmological constant and the coefficient of
the higher order derivative term.
The change of the UV cutoff while the other parameters are kept constant modifies the physical content of the
theory and even drives the system through a phase transition. The cutoff dependence in general is not surprising
in a nonrenormalizable theory. It might turn out that some so far unknown nonperturbative effects render the
Einstein-Hilbert theory renormalizable but in lacking these elements one has to accept that the theory which is
nonrenormalizable in the framework of the loop-expansion produces cutoff-dependent results at one-loop level. Our
conclusions drawn correspond to energy scales well below the cutoff and are therefore independent of the details of
the regularization procedure since this latter is always represented by irrelevant operators.
The cutoff dependence of nonrenormalizable models usually remains quantitative. The strong cutoff-effects reported
in this work can be traced back to the different sign of the induced cosmological constant in the two phases. This
parameter is renormalizable and its sign influences the physics in a more substantial, quantitative level.
We encountered two level of instabilities in this work. In the tree-level theory the conformal modes are unstable
but they seem to be stabilized by the quantum fluctuations at least in the long distance region of the high cutoff
phase. The one-loop improved effective theory remains unstable in the low cutoff phase. The cosmological constant
appears formally as the parameter −m2 in a scalar model. The instability of the low cutoff phase with λ > 0 should
therefore be similar to those of a scalar model with spontaneously broken symmetry. In the latter case the tree-level
contributions to the renormalization group equation were found to be crucial [26] in order to establish a systematical
approach to the mixed phase of first order phase transitions, in particular the spinodal phase separation [27] where
the soft modes arising from the breakdown of space-time symmetries by the inhomogeneous saddle points generate
strong nonperturbative effects, among others the Maxwell-cut.
We continue with few comments on the results of the previous Section from the point of view of the case (ii) of the
stabilization mechanism, mentioned in the Introduction and identified in the low cutoff phase. It was found that the
one-loop effective action may stabilize the vacuum and generate a condensate of the metric tensor even in the absence
of matter. It remains to be seen if such a condensate involves the conformal modes only or the spin 2 components, too.
Another open question is whether the new vacuum with condensate is weakly or strongly coupled. The dimensionless
ratio κB/Λ available in this nonrenormalizable theory may generate small or large dimensionless numbers and this
question can be settled by detailed computation only. Though the other stabilization mechanisms were not pursued
in this work it is clear that the excitations above the condensed vacuum produced by either mechanism listed in the
Introduction are different than those above the naive, ’empty’ vacuum and the success of general relativity in the
classical domain requires more careful justification.
One arrives at a surprising conjecture by following the analogy offered by the scalar model. It is well known that
the speed of sound is vanishing in the mixed phase. This is due to the strongly coupled soft modes, the translations
of the domain walls. In more physical terms the domain walls absorb the sound. In a similar manner one expects
the speed of the propagation of gravitons be vanishing in the low cutoff phase. This situation where the naive plane
waves ceases to propagate and drop out from the asymptotical sector is called confinement. If this mechanism is
realized then gravitons will be confined in the low cutoff phase due to the quantum liquid nature of the vacuum. The
confinement radius which can be approximated by the length scale of the IR Landau pole is in the order of magnitude
of the size of the stable de Sitter space, indicating simply that the gravitons should be confined by the horizon.
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Finally we mention other natural extensions of this work, the inclusion of matter fields and the cosmological
constant in the bare action. Condensate modifies the vacuum structure and it may stabilise the gravitational sector
by breaking conformal invariance. The interplay of condensates in the coupled Einstein-Yang-Mills system is a
particularly interesting problem. The bare cosmological constant, included from the very beginning in bare action
should preserve the topology of the phase structure but make the result more realistic. We plan to report on such
results soon.
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APPENDIX A: CASIMIR EFFECT IN A BOX
It is instructive to consider a dimensionless, real, free, massless scalar field φ in a box of linear size L of the Euclidean
space-time subject of periodic boundary conditions. The generator functional for connected Green functions is
eW [j] =
∫
D[φ]e
µ2
2
∫
dxφxφx+
∫
dxjxφx . (A1)
The effective action
Γ[φ] = −µ
2
2
∫
dxφxφx +
1
2
Tr lnµ2 (A2)
takes the value
Γ[0] =
1
2
Tr lnµ2 (A3)
in the vacuum.
The evaluation of the formal functional trace requires regularization. We choose lattice regularization and write
φ =
a2
L2
∑
n
cne
i 2π
L
nµx
µ
, (A4)
where a denotes the lattice spacing and the summation is restricted for
0 < n2
(2π)2
L2
< Λ2 =
(
2π
a
)2
(A5)
and the regulated integral measure is given by
D[c] =
∏
n
dcn. (A6)
One finds finally
Γ[0] =
1
2
∑
nµ 6=0
Θ
(
Λ2 − n2 (2π)
2
L2
)
ln
(
µ2n2
(2π)6
L2Λ4
)
. (A7)
One can simplify this expression for 1 << ΛL as
Γ[0] = L4
∫
|p|≤Λ
d4p
(2π)4
ln
p2µ2(2π)4
Λ4
=
L4Λ4
32π2
(
ln
µ2(2π)4
Λ2
− 1
2
)
. (A8)
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